In a series of papers, we examine the physical unitarity in a massive Yang-Mills theory without the Higgs field in which the color gauge symmetry is not spontaneously broken and kept intact. For this purpose, we use a new framework proposed in the previous paper Kondo [arXiv:1208.3521] based on a nonperturbative construction of a non-Abelian field describing a massive spin-one vector boson field, which enables us to perform the perturbative and nonperturbative studies on the physical unitarity. In this paper, we present a new perturbative treatment for the physical unitarity after giving the general properties of the massive Yang-Mills theory. Then we reproduce the violation of physical unitarity in a transparent way. This paper is a preliminary work to the subsequent papers in which we present a nonperturbative framework to propose a possible scenario of restoring the physical unitarity in the Curci-Ferrari model.
I. INTRODUCTION
In the Yang-Mills theory [1] and quantum chromodynamics (QCD) for strong interactions, both the renormalizability and the physical unitarity are satisfied, as demonstrated first in [2] . Moreover, it is also known that the massive Yang-Mills theory satisfies both the renormalizability and the physical unitarity [3] , if the local gauge invariance is spontaneously broken by the Higgs field [4] and the gauge field acquires the mass through the Higgs mechanism by absorbing the NambuGoldstone particle associated with the spontaneous symmetry breakdown. In other words, both the renormalizability and the physical unitarity survive the spontaneous breaking of the gauge symmetry.
It is a long-standing problem [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] to clarify whether it is possible or not to construct a massive Yang-Mills model blessed with both the physical unitarity and the renormalizability without the Higgs fields, in which the local gauge symmetry is not spontaneously broken. Here the Lagrangian is assumed to be written in polynomials of the fields (we exclude the nonpolynomial type [12] from our discussions). We are anxious to find such a model for understanding the mass gap and confinement caused by the strong interactions [16] [17] [18] [19] [20] , since the Higgs field does not exist and the color gauge symmetry is kept intact in QCD. Indeed, there are continued attempts to look for an alternative way to describe massive non-Abelian gauge fields without the Higgs field [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . However, all these efforts were unsuccessful in coping with both renormalizability and unitarity very well: In all the models proposed so far for the massive Yang-Mills theory without the Higgs fields, it seems that the renormalizability and the physical unitarity are not compatible with each other, although there are some models which satisfy ei- * kondok@faculty.chiba-u.jp ther the renormalizability or the physical unitarity. See [13, 14] for reviews and [15] for later developments.
For this purpose, we start once again from the CurciFerrari (CF) model [8] , which is a massive extension of the massless Yang-Mills theory in the most general renormalizable gauge having both the Becchi-Rouet-StoraTyutin (BRST) and anti-BRST symmetries [21] . In preceding studies for the CF model [8] [9] [10] [11] , the CF model is proved to be renormalizable, whereas the CF model has been concluded to violate physical unitary [9] [10] [11] . However, the preceding studies are restricted to considerations in the perturbation theory. We need a nonperturbative framework to draw a definite conclusion to this issue.
In a previous paper [22] , therefore, we have presented a nonperturbative construction of a massive Yang-Mills field K µ which describes a non-Abelian massive spin-one vector boson with the correct physical degrees of freedom without the Higgs field [4] . This is achieved by finding a nonlinear but local transformation from the original fields in the CF model to the physical massive vector field K µ which is invariant under the modified BRST and anti-BRST transformation. As an application, we have written down a local mass term for the Yang-Mills field and a dimension-two condensate, which are exactly invariant under the modified BRST transformation, Lorentz transformation and color rotation. The resulting massive Yang-Mills model is regarded as a low-energy effective theory of QCD, which enables us to understand the decoupling solution [17] characterizing the deep infrared regime responsible for color confinement [23, 25] .
In a series of papers, we give the perturbative and nonperturbative studies on the physical unitarity [26] in the massive Yang-Mills theory constructed in the previous paper [22] . In the ordinary massless Yang-Mills theory, the physical unitarity is a first step of understanding color confinement [23] : In the intermediate state, the contributions from the unphysical gauge modes, i.e., the longitudinal and scalar modes are exactly canceled by those of the ghost and antighost, which is a special case of the quartet mechanism [24] . We clarify how the situation changes in the massive case. Moreover, we clarify the reason for failures of the preceding attempts from our viewpoint.
This paper is the first of the planned papers for discussing the perturbative and nonperturbative physical unitarity in the massive Yang-Mills theory without the Higgs field. In this paper we present a new perturbative treatment for the physical unitarity after reviewing the general properties of the massive Yang-Mills theory. Then we reproduce the violation of physical unitarity in a transparent way. In subsequent papers, we present a nonperturbative framework to discuss a possible scenario of restoring the physical unitarity in the massive YangMills theory.
Finally, we mention the difference between the unitarity and physical unitarity of the scattering matrix from our point of view. For the tree-level scattering amplitude between two longitudinally polarized vector bosons, it is known [27] [28] [29] that the scattering probability as a function of the energy E becomes greater than 1 above a critical value E c , since the amplitude grows with the energy E like g 2 E 2 /M 2 where M is the mass of the vector boson and g is the coupling constant for the self-interactions among vector bosons. This implies that the perturbative unitarity breaks down in high-energy E ≥ E c . Therefore, for the perturbative unitarity to be satisfied, the energy must be restricted to low-energy E < E c , which is called the unitarity bound. (The violation of the unitarity condition for the scattering amplitude in high energy is understood from the Nambu-Goldstone equivalence theorem [29] and the low-energy theorem.) In the Higgs sector of weak interactions in the standard model, the Higgs particle exists and the exchange of the Higgs particle affects the amplitude so that the amplitude approaches a constant at energies far above the Higgs pole. Consequently, the Higgs mass must be less than an upper bound. If such new physical degrees of freedom do not exist, this behavior is not modified and the unitarity violation in high energy cannot be avoided in the massive Yang-Mills theory, since the Nakanishi-Lautrup (NL) auxiliary field can be integrated out and the ghosts can play no role in the tree-level amplitude. In our works, we regard the CF model as a low-energy effective theory of the Yang-Mills theory to be valid in the region E < E c for discussing color confinement. We restrict our examination on the physical unitarity to a sufficiently low-energy region below a few GeV to evade the unitarity violation and consider only the physical unitarity, i.e., unphysical mode cancellation in our papers. Therefore, the well-known fact about the unitarity violation in the above does not contradict our research on the physical unitarity.
This paper is organized as follows.
In section II, we introduce a massive Yang-Mills theory without the Higgs field and define the CF model as a special case. The CF model is not invariant under the usual BRST and anti-BRST transformations. However, the CF model can be made invariant by modifying the BRST and anti-BRST transformations. The cost of introducing the mass term is the violation of nilpotency of the modified BRST and anti-BRST transformations. We point out an important fact that even the modified BRST (anti-BRST)-invariant quantity depends on a parameter β in the M = 0 case. This should be compared with the M = 0 case, in which β is a gauge-fixing parameter and the BRST-invariant quantity does not depend on β, which means that the physics does not depend on β in the M = 0 case. This is not the case for M = 0.
In section III, we summarize the result obtained in the previous paper [22] on a nonperturbative construction of a non-Abelian massive Yang-Mills field K µ under the requirements which guarantee (i) the modified BRST (and anti-BRST) invariance, (ii) correct degrees of freedom for describing a massive spin-one particle, and (iii) the expected transformation rule under color rotation. We write down the massive vector field explicitly in terms of the original Yang-Mills field, the Faddeev-Popov (FP) ghost field, antighost field and the NL field in the CF model.
In section IV, we give a perturbative framework of the CF model in terms of the new field variable K µ . We give the Feynman rules up to the order g.
In section V, we check the physical unitarity in the massless Yang-Mills theory. Using a simple example, it is demonstrated in the lowest order of perturbation theory that the physical unitarity follows from the cancellation among unphysical modes: the longitudinal and scalar modes of the Yang-Mills field together with the FP ghost and antighost.
In section VI, we review a conventional argument for the violation of physical unitarity in the massive YangMills theory without the Higgs field. Using a simple example corresponding to the previous section, we show that the violation of physical unitarity follows from the incomplete cancellation among unphysical modes: the scalar mode with the FP ghost and antighost.
In section VII, we begin with a new analysis on the physical unitarity of the CF model based on a novel framework using the field K µ given in section III. In this section, we give a new perturbative analysis using the result of section V. We confirm that the physical unitarity is indeed violated in the CF model in the framework of the perturbation theory in the coupling constant. It is easily seen that the violation of physical unitarity follows from the incomplete cancellation among unphysical modes: the NL field (corresponding to the scalar mode) with the FP ghost and antighost. We discuss how to avoid the violation of physical unitarity within the perturbative framework.
In the final section, we summarize the results and mention the perspective on the next work.
In Appendix A, we calculate the Jacobian associated with the change of variables from the original CF model to the new theory written in terms of new variables. In Appendix B, the Feynman rules are given up to the next order g 2 , with which we supplement the results of section V.
II. THE CURCI-FERRARI MODEL AND THE MODIFIED BRST TRANSFORMATION
In order to look for a candidate of the massive YangMills theory without the Higgs field, we start from the usual massless Yang-Mills theory in the most general Lorentz gauge formulated in a manifestly Lorentz covariant way. The total Lagrangian density is written in terms of the Yang-Mills field A µ , the FP ghost field C , the antighost fieldC and the NL field N . As a candidate of the massive Yang-Mills theory without the Higgs field, we add the "mass term" L m :
where α and β are parameters corresponding to the gauge-fixing parameters in the M → 0 limit,
, and
The α = 0 case is the CF model with the coupling constant g, the mass parameter M and the parameter β. In the Abelian limit with vanishing structure constants f ABC = 0, the FP ghosts decouple and the CF model reduces to the Nakanishi model [30] .
In what follows, we restrict our considerations to the α = 0 case. In the α = 0 case, L YM + L GF+FP is constructed so as to be invariant under both the usual BRST transformation:
and anti-BRST transformation:
Indeed, it is checked that
This is not the case for the mass term L m , i.e., δL m = 0.
Even in the presence of the mass term L m , however, the total Lagrangian L tot mYM can be made invariant by modifying the BRST transformation [8] 
with a Grassmannian number λ and
The modified BRST transformation deforms the BRST transformation of the NL field and reduces to the usual BRST transformation in the limit
Similarly, the total action is invariant under a modified anti-BRST transformationδ ′ defined by
which reduces to the usual anti-BRST transformation in the limit M → 0. It is sometimes useful to give another form:
Moreover, the path-integral integration measure DA DC DC DN is invariant under the modified BRST transformation. Indeed, it has been shown in [22] that the Jacobian associated to the change of integration variables Φ(x) → Φ ′ (x) = Φ(x) + λδ ′ Φ(x) for the integration measure is equal to one. However, the modified BRST transformation violates the nilpotency when M = 0:
The nilpotency is violated also for the modified anti-BRST transformation when M = 0:
In the limit M → 0, the modified BRST and anti-BRST transformations reduce to the usual BRST and anti-BRST transformations and become nilpotent. Moreover, it is checked that the modified BRST and modified anti-BRST transformations no longer anticommute in the M = 0 case:
In the limit M → 0, the anticommutativity is recovered, {δ ′ ,δ ′ } → 0. Let W be the generating functional of the connected Green functions defined from the vacuum functional Z[J] with the source J for an operator O as a functional of Φ:
Then the derivative of W with respect to β is given by
where
If we require the modified BRST invariance of the vacuum:
we find the β dependence of W [J]:
Therefore, for M = 0, W [J] depends on the parameter β. This result should be compared with the M = 0 case, in which β is a gauge fixing parameter and hence
should not depend on β. In the M = 0 case, any choice of β gives the same W [J]. However, this is not the case for M = 0. The β dependence of the CF model was pointed out also in [31] using different arguments.
III. DEFINING A MASSIVE YANG-MILLS FIELD
We require the following properties to construct a nonAbelian massive spin-one vector boson field K µ (x) in a nonperturbative way:
(i) K µ has the modified BRST invariance (off mass shell):
(ii) K µ is divergenceless (on mass shell):
(iii) K µ obeys the adjoint transformation under the color rotation:
which has the infinitesimal version:
The field K µ is identified with the non-Abelian version of the physical massive vector field with spin one, as ensured by the above properties. Here (i) guarantees that K µ belong to the physical field creating a physical state with positive norm.
(ii) guarantees that K µ have the correct degrees of freedom as a massive spin-one particle, i.e., three in the four-dimensional spacetime, i.e., two transverse and one longitudinal modes, excluding one scalar mode. (iii) guarantees that K µ obey the same transformation rule as that of the original gauge field A µ We observe that the total Lagrangian of the CF model is invariant under the (infinitesimal) global gauge transformation or color rotation defined by
where ϕ is a matter field, which is also written as
where the conserved Noether charge
obtained from the color current J 0 color is called the color charge and is equal to the generator of the color rotation.
It has been shown [22] that such a field K µ is obtained by a nonlinear but local transformation from the original fields A µ , C ,C and N of the CF model:
In the Abelian limit or the lowest order of the coupling constant g, K µ reduces to the Proca field for massive vector:
It should be remarked that U µ is invariant under the Abelian version of the modified BRST, but it is not invariant under the non-Abelian modified BRST transformation.
The new field K µ is converted to a simple form:
It has been explicitly shown in [22] that the field K µ defined by (29) or (31) satisfies all the above properties. The field K µ plays the role of the non-Abelian massive vector field and is identified with a non-Abelian version of the spin-one massive vector field. Equation (29) gives a transformation from A µ , N , C andC to K µ .
As an immediate application of the above result, we can construct a mass term which is invariant simultaneously under the modified BRST transformation, Lorentz transformation and color rotation:
This can be useful as a regularization scheme for avoiding infrared divergences in non-Abelian gauge theories. Moreover, we can obtain a dimension-two condensate which is modified BRST invariant, Lorentz invariant, and color-singlet:
This dimension-two condensate is off-shell (modified) BRST invariant and should be compared with the dimension-two condensate proposed in [32, 33] :
which is only on-shell BRST invariant.
and N with the symmetry:
IV. PERTURBATIVE FRAMEWORK OF THE MASSIVE YANG-MILLS THEORY
Equation (29) gives a transformation from A µ , C ,C and N to K µ . In order to write explicitly the nonAbelian massive Yang-Mills theory without the Higgs field, we rewrite the original Lagrangian written in terms of A µ , N , C andC into the new Lagrangian written in terms of K µ , N , C andC . For this purpose, we need the inverse transformation of (29), namely A µ as a function of K µ , N , C andC . But the inverse transformation cannot be given in a closed form, since (29) is a nonlinear transformation. In order to perform the perturbative calculation, it is sufficient to know the order by order expression of the inverse transformation. By using (29) in the form:
we find that the right-hand side contains the order g 0 , g 1 and g 2 terms. By iterative procedures, we obtain
The propagator of K µ is obtained from the order g 0 terms, i.e.,
as in the Abelian case, and hence the propagator is not modified from the Proca case. However, the vertex functions among K µ , C ,C and N in the massive theory are modified by the order g 1 terms from those of A µ , C ,C and N in the original theory. This fact has been overlooked in all the preceding studies. The preceding works [5] [6] [7] [8] [9] [10] [11] are based on the observation that the vertices in the massive case are the same as the massless case. However, this observation is correct only if the relationship between the original field A µ to the massive field K µ is linear as in the Abelian case. This is not the case in the non-Abelian case, as our construction of the massive field K µ clearly shows. The vertices in the massive theory are modified in terms of the vector field K µ in addition to the FP ghost, the FP antighost and the NL field. For the correct identification of the massive vector field K µ , one needs the FP ghost, the FP antighost and the NL field, in addition to the original Yang-Mills field A µ . This could be a loophole of avoiding the results of the preceding analyses for the violation of physical unitarity. It is checked if this is true or not.
To check the physical unitarity in the nontrivial lowest order in the perturbation with respect to the coupling constant g, the original Lagrangian L tot mYM is rewritten order by order of the coupling constant g as follows.
The Feynman rules are given up to three-point vertices of O(g) as follows. Propagators ( Fig. 1 )
Three-point vertices ( Fig. 2 )
with These rules should be compared with the following Feynman rules for the original Lagrangian. Propagators (Fig. 3) 
(a) Vector propagator
Three-point vertices (Fig. 4 )
From the relation,
we find
which has the Fourier transform:
where we have used (41) and (49) and the fact that there are no mixing propagators:
Thus the original gluon two-point function or propagator is decomposed into the spin-one and spin-sero parts.
Another expression for the propagator is the manifestly (power-counting) renormalizable form:
For higher orders, see Appendix B.
V. PHYSICAL UNITARITY OF MASSLESS YANG-MILLS THEORY
The S matrix or the scattering operator S is unitary:
This means that for any (initial) state Ψ b ∈ V and any (final) state Ψ a ∈ V, the following relation holds:
which is obtained by inserting the complete set of states {Φ n } in the total state space V: 1 = Φn∈V |Φ n Φ n |.
On the other hand, the physical unitarity of the S matrix means that the S matrix is unitary on the physical subspace V phys : for any physical state Ψ a , Ψ b ∈ V phys ,
where the physical subspace V phys is defined by
The unitarity of the S matrix is rewritten in terms of the scattering amplitude defined by
into the relation:
Then the unitarity relation reads that for any state
On the other hand, the physical unitarity requires that for any physical state Ψ a , Ψ b ∈ V phys , only the physical states contribute to the intermediate states:
In other words, the physical unitarity in gauge theories states that all the unphysical modes cancel in the intermediate states. The imaginary part is calculated by the Cutkosky cutting rule [34] .
As a simple example, we consider a one-particle scattering, i.e., a scattering process A → A in which the initial state is a massless gluon and the final state is also a massless gluon in the massless Yang-Mills theory as the M = 0 case of the CF model. The Feynman rules in the M = 0 case have been given in [33] . In the lowest order of the perturbation theory, the Feynman graphs of this process are given by Fig. 5 . Each diagram has one closed loop. The initial state and the final state of a gluon are specified by the polarization vectors: For this process up to the order g 2 , we wish to check the physical unitarity relation for the scattering amplitude T . By applying the Cutkosky rule [34] to Fig. 5 , we find that the imaginary part of the scattering amplitude T (T ± → T ± ) from a transverse mode T ± to a transverse mode T ± is given by Fig. 6 . Here it should be remarked that the tadpole diagram does not have the imaginary part.
The imaginary part of the diagram Fig. 6 (a) with a gluon loop is given by
where we have adopted the Feynman gauge β = 1 for the gluon propagator and the factor 1/2 is the symmetrical factor due to two identical particles. This is written as
where we have defined
In the massless case M = 0, the physical unitarity requires the imaginary part of the sum of the second-order diagrams to be equal to
which is obtained from (70) by the replacement:
where P correspond to the two transverse polarization states for the massless spin-one modes T ± . By using the decomposition:
the difference between (69)=(70) and (72) is calculated from
where Q are rewritten using the polarization vectors for the longitudinal (L) and the scalar (S) modes:
By using the relationships:
and
In the massless case M = 0, mode cancellations occur to ensure the physical unitarity for the one-particle amplitude T (T ± → T ± ) for the transverse mode T to the order g 2 . In the amplitude, two diagrams (a) from the longitudinal mode L and the scalar mode S are canceled by a ghost-antighost C ,C diagram (b).
we find that the first and second term in the right-hand side of (75) give vanishing contributions.
The relationship (77) is derived as follows. First, we find
where we have used k Thus, only the last term in (75) gives a nonvanishing contribution:
This difference is exactly provided by the imaginary part of the second diagram of Fig.6 (b) with a ghost loop:
where we have used the original gluon-ghost-antighost vertex (given in [33] at ξ = 1/2 corresponding to α = 0),
, and the property of polarization vectors, k 3α ε α (k 3 ) = 0, to obtain the first expression. Thus, the unitarity relation is satisfied in the massless case M = 0.
The physical unitarity is ensured by mode cancellations. See Fig. 7 . The contributions from the longitudinal mode L and the scalar mode S are canceled by a ghost-antighost C ,C one.
VI. PHYSICAL NONUNITARITY OF MASSIVE YANG-MILLS THEORY
In this section, we reproduce the violation of physical unitarity in the massive Yang-Mills theory without the Higgs field based on the conventional argument, which shows the utility of the massive field K in discussing the physical unitarity of the CF model in the next section.
In order to see a difference between massless gauge theory (M = 0) and massive vector theory (M = 0), we consider the one-particle scattering, i.e., a scattering process U → U in which the initial state is a massive vector boson and the final state is also a massive vector boson. Here U µ is defined by
In the lowest order of the perturbation theory, the Feynman diagrams of this process are given by the same graphs as those in Fig. 5 where the propagators are replaced by the massive ones and the vertex functions are unchanged. Therefore, the imaginary part is given by the diagrams of Fig. 8 .
The imaginary part of the diagram Fig. 8(a) with a loop of massive vector boson is
where the factor 1/2 is the symmetrical factor due to two identical particles. The imaginary part (84) is written as
In the massive case M = 0, the physical unitarity requires the imaginary part of the second-order diagram to be equal to 
FIG. 9:
In the massive case M = 0, the incomplete mode cancellation among unphysical modes to the order g 2 prevents us from ensuring the physical unitarity for the one-particle amplitude T (U → U ) for the physical spin-one vector mode U . In the amplitude, a diagram (a) from the scalar mode S is overcanceled by a ghost-antighost diagram (b), leaving one-half of (b) nonvanishing.
which is obtained from (85) by the replacement:
Using the decomposition for M = 0:
where P selects three polarization states (T + , T − , L) for the massive spin-one boson U , the difference between (84)=(85) and (87) is calculated from
The contribution from the first term of the right-hand side of (90) to (85) is given by
This is zero, since
where we have used k
and k µ ε µ (j) (k) = 0. Similarly, the contribution from the second term of (90) is vanishing. The third term of (90) gives
Using the property:
we obtain the difference:
This difference must be provided by the imaginary part of the diagram Fig. 8(b) with a loop of massive ghost which is given by
where we have used k 2 = −k 1 − k 3 and k 3α ε α (k 3 ) = 0. The ghost contribution (96) is precisely of the same form as (95) and comes with the opposite sign. However, the massive vector contribution (95) cancels against half the massive ghost contribution (96). See Fig.9 .
Thus, it is found that there is a discrete difference between massless theories and massive theories. This means that the massless theory cannot be obtained as a limiting case of the massive theory. The origin of the difference goes back to the difference between the sum over polarizations. In the next section, we re-examine the physical unitarity in the the CF model based on our method.
VII. PERTURBATIVE ANALYSIS OF PHYSICAL UNITARITY IN THE CF MODEL
In order to re-examine the physical unitarity in the massive Yang-Mills theory, i.e., the CF model, we consider the simplest case of the one-particle amplitude T (K → K ) in the perturbation theory, as considered in [5] . According to the Cutkosky rules, the physical unitarity up to the order g 2 is checked by calculating the diagrams in Fig. 10 with one closed loop.
The imaginary part for the diagram Fig. 10(a) is
Remember that the three polarization vectors ε (j) µ (k)(j = 1, 2, 3) for the spin-one massive vector field K µ obey the relation:
Therefore, (a) is a physical contribution coming from the spin-one massive vector boson K . The physical unitarity requires that the contributions other than (a), i.e., the contributions (b) and (c) from the unphysical fields C ,C and N are canceled in the same order of the coupling. Therefore, we consider the contributions from unphysical fields.
The imaginary part for the diagram Fig. 10 (b) with a
FIG. 11:
In the massive case M = 0, incomplete mode cancellations violate the physical unitarity for the one-particle amplitude to the order g 2 .
closed loop of the massive FP ghost and antighost reads
The imaginary part of the diagram (c) with a closed loop of the NL field reads (c) . Therefore, we have shown the CF model does not satisfy the physical unitarity for the M = 0 case independently from β in the perturbation theory. The incomplete cancellations of the unphysical modes against the physical unitarity are summarized in Fig. 11 . This result should be compared with the massless case where the physical modes in the massless case M = 0 are the two transverse parts.
In the massless case M = 0, for the amplitude T → T of the transverse mode T ± , two diagrams (a) from the longitudinal mode L and the scalar mode S are canceled by a ghost-antighost C ,C diagram (b). The NL mode N is nonpropagating in the massless case and does not contribute to this cancellation.
In the massive case M = 0, for the amplitude K → K of a physical particle K , a diagram (a) from the scalar mode S (= the NL mode N ) is not sufficient to cancel the ghost-antighost C ,C diagram (b). An additional bosonic contribution is necessary to realize the complete cancellation.
In the massless case M = 0, the physical modes are given by two transverse modes T ± . Then the two unphysical modes in the gluon, i.e., the longitudinal mode L and the scalar mode S are canceled by a ghost and antighost C ,C . Two bosonic modes are exactly canceled by two fermionic (anticommuting) modes. It should be remarked that the scalar mode is identified with the NL mode N , which is non-propagating in the massless case.
In the massive case M = 0, the physical modes are given by a longitudinal and two transverse modes. A remaining unphysical mode, i.e., a scalar mode is not sufficient to cancel the ghost and antighost contributions. Therefore, the elementary fields in the original action of the CF model are not sufficient to respect the physical unitarity. There must be a mechanism which supplies the CF model with an extra (bosonic) mode. (Note that the NL field N is propagating in the massive case and therefore the NL mode is expected to play the important role in the cancellation in the massive case, in sharp contrast to the massless case. However, the NL mode is identical to the scalar mode on mass shell and hence cannot be counted as another independent field.)
Finally, we discuss how to avoid the violation of physical unitarity. The violation of the physical unitarity is avoided by restricting the relevant energy to the lowenergy region such that the ghost and antighost pair cannot be created. This can be done by adjusting the parameter in the CF model. Since the ghost and antighost have the same mass √ βM , the allowed region is
A shortcoming of this scenario is that β = 0 is not allowed to maintain physical unitarity, since the results of numerical simulations on the lattice are available only in this case β = 0. At first glance, the cancellation of unphysical modes works well even in the massive case by using the argument similar to that done in the gauge-Higgs model with the renormalizable R ξ gauge. The pole masses of unphysical fields C ,C , N are the same:
In the limit β → ∞, unphysical fields C ,C , N decouple from the theory, leaving the physical field K µ in the theory. Therefore, it seems that the physical unitarity holds even in the massive case. However, this is not the case, as we have shown in the above. What is wrong in this argument? This argument is based on the fact that β is a gauge-fixing parameter and the physics does not depend on this parameter β, which is indeed shown in the massless case M = 0. However, even the BRST-invariant quantities depend on β for M = 0. Therefore, the physics depends on β for M = 0, and the physics for β → ∞ is different from that for β < ∞. In this sense, the above result, i.e., violation of physical unitarity in the massive case, does not contradict this argument. In order to maintain the physical unitarity in the massive Yang-Mills theory without the Higgs field, therefore, we need a nonperturbative approach, which will be given in subsequent papers in preparation.
VIII. CONCLUSION AND DISCUSSION
In order to understand color confinement in QCD in the light of recent developments, we have considered a "massive" Yang-Mills model without the Higgs field, especially, the CF model, since the CF model is regarded as a good low-energy effective theory of QCD and it is much simpler than the refined Gribov-Zwanziger model, see e.g., [22] .
We have examined the physical unitarity of the CF model which is known to be renormalizable. For this purpose, we have used the field K A µ (x) with the following properties:
(ii) K is divergenceless, ∂ µ K µ (x) = 0 (on shell).
(iii) K transforms according to the adjoint representation under color rotation.
Thus, we have identified K A µ with a physical and massive vector field with correct degrees of freedom as a nonAbelian spin-one massive vector boson. K is obtained by a nonlinear but local transformation from the original fields in the CF model.
We have checked in a new perturbative treatment whether or not the CF model satisfies the physical unitarity. Then we have confirmed the violation of the physical unitarity in the perturbative treatment and we have clarified the reason in the massive Yang-Mills theory without the Higgs field. The perturbative analysis for the physical unitarity imposea a restriction on the valid energy together with the parameter of the CF model:
in order to confine unphysical modes (ghost, antighost, scalar mode). However, β = 0 is not allowed in this scenario. The conclusion obtained in this paper still leaves a possibility that the nonperturbative approach can modify the conclusion. In a subsequent paper, indeed, we will propose a scenario in which the physical unitarity can be recovered in the CF model thanks to the FP conjugation invariance. Indeed, we will show that the norm cancellation is automatically guaranteed from the Slavnov-Taylor identities if the ghost-antighost bound state exists. In this way, the physical unitarity can be recovered in a nonperturbative way. To show the existence of the bound state of ghost and antighost, the Nambu-Bethe-Salpeter equation is to be solved. This is a hard work to be tackled in subsequent papers.
because we do not know the exact form of J. Here it should be remarked that δ ′ N = M 2 C and δ ′C = iN do not change the order, while δ
C increase the order of g by one.
In fact, the Jacobian J is calculated as follows. The integration measure is transformed as
The Jacobian J is calculated as
where we have used
Applying the formula:
to
we find that the order g contribution (from the NL field) vanishes due to f AAC = 0:
where we have used f AEC f AEF = N c δ CF Therefore, the correction from the measure to the Lagrangian density begins with the order g 2 . In other words, J = 1 up to the order g. This is also checked by using the relationship up to the order g (37):
Thus, the Lagrangian density L 1 = L 1 [K , C ,C , N ] up to the order g does not change and remains in the form (40), and the calculation obtained using L 1 (40) is not affected.
The transformation (B1) leads to
Indeed, this gives the same Jacobian as (A9) up to the order g 2 . In order to check the consistency of the Jacobian (A9), therefore, we must obtain the Lagrangian density L 2 in the order g 2 . We must take into account the correction coming from the Jacobian J in obtaining the Lagrangian density L 2 = L 2 [K , C ,C , N ] in the order g 2 . Then the Lagrangian density L 2 in the order g 2 is obtained as follows.
The following are the Feynman rules for the vertex functions of the order g 2 obtained from (B3).
(a) K K K K vertex: 
(b) K K N N vertex:
(c) K N N N vertex:
(e) K K CC vertex:
(f) K N CC vertex:
(g) N N CC vertex:
